Little Higgs theories often rely on an internal parity ("T -parity") to suppress non-standard electroweak effects or to provide a dark matter candidate. We show that such a symmetry is generally broken by anomalies, as described by the Wess-Zumino-Witten term. We study a simple SU (3) × SU (3)/SU (3) Little Higgs scheme where we obtain a minimal form for the topological interactions of a single Higgs field. The results apply to more general models, including [SU (3) × SU (3)/SU (3)] 4 , SU (5)/SO(5), and SU (6)/Sp(6).
INTRODUCTION
It is of urgent interest to discover the Higgs boson and determine whether it is (i) a fundamental particle, such as in SUSY theories or the Standard Model; (ii) a heavy, broad resonance, such as in TeV-scale dynamical models (like the top-seesaw [1] ); or (iii) a light composite particle [2] , such as in Little Higgs theories [3] with new dynamics at the ∼ 10 TeV scale. Although (i) has received orders of magnitude more attention and is correspondingly more refined, we note that none of these options is presently ruled out by experiment. In option (iii) the Higgs boson is a (pseudo) Nambu-Goldstone boson (pNGB) of a spontaneously broken chiral symmetry. We focus presently on this possibility, as it is distinguished from (i) and (ii) by remarkable topological features. In the following we will not distinguish between "light composite Higgs boson" or "Little Higgs boson."
In Little Higgs models some new UV dynamics at Λ ∼ 10 TeV is imagined to produce a condensate, yielding pNGB mesons with decay constants of order F ∼ Λ/4π ∼ 1 TeV. Iso- If the Higgs is a pNGB there will generally be "topological interactions" that reflect an anomaly structure of the underlying theory at scale Λ. These interactions, which are suppressed by powers of F , distinguish a chiral meson field from an ordinary field. This physics represents the holographic aspect of a chiral lagrangian theory. Topologically twisted field configurations of a D = 5 theory cast shadows on the D = 4 surface. These topological effects are contained in the Wess-Zumino-Witten (WZW) term [4] [5] [6] , which must be included as part of the full effective action. The WZW term is a remarkable object and its full implications are well beyond the scope of the present paper. For a Little Higgs theory from a purely D = 4 perspective, it contains the full anomaly physics of the UV completion theory, expressed only in terms of gauge fields and pNGB's [7] [8] [9] . It is specified by an integer quantity, e.g., the number of "colors" of the constituent "techni-quarks". The WZW interactions of Little Higgs bosons thus probe the underlying theory above the scale Λ, much like the π 0 → γγ interaction probes short-distance QCD.
Ignoring the WZW term would erroneously miss a significant part of the physics of any chiral lagrangian theory. For example, in many Little Higgs models it is natural to consider an apparent new symmetry dubbed "T -parity" [10, 11] . Phenomenological studies suggest that incorporating such a symmetry can alleviate various fine tunings. The lightest T -odd particle has been suggested to act as a dark matter candidate.
We will show, however, that T -parity is generally violated by anomalies, and hence by the WZW term. This leads to the decay of the lightest T -odd particle into gauge fields, and other effects as well. Indeed, this would also happen in QCD where the π 0 can be viewed as a "T -odd" field, under which π 0 → −π 0 , while the photon is "T -even," A µ → A µ . Tparity is conserved in the QCD chiral Lagrangian without the WZW term, but is violated by anomalies. For example, the decay of the "dark matter candidate" π 0 proceeds via π 0 → γγ.
This is also the fate of T -parity in Little Higgs theories. Omitting the WZW term would lead to the incorrect conclusions that T -parity partners must be produced in pairs, and that the lightest T -odd state is stable. Including it leads to a rich set of new interactions that can probe the underlying UV completion of the effective theory at the fundamental scale Λ.
The WZW term could in principle be absent, but we know of no sensible UV theory in which that would be the case. The chiral lagrangian theory will unitarize itself into something new at scales above Λ, and a QCD-like theory in D = 4 is the most straightforward possibility. Alternatively, one might argue that the chiral lagrangian becomes a compactified D ≥ 5 Yang-Mills theory. However, there is a rich set of topological objects in D ≥ 5 that require Chern-Simons terms for their complete description. [25] Moreover, if the UV theory derives from extra dimension(s) we must still provide for the chirality of the ordinary quarks and leptons. This implies "chiral delocalization" in the extra dimensions, and in turn, Chern-Simons terms that holographically descend to the WZW term at low energies in D = 4.
We will study a simple composite Higgs model that imitates QCD, with the chiral symmetry breaking pattern SU(3) × SU(3) → SU(3). The Higgs is identified with the kaon. 
(we ignore the axial U(1) pNGB, i.e., the η ′ )
The Higgs doublet is identified with the kaon.
At the techni-quark level this system is coupled to left-and right-handed gauge fields,
A L and A R respectively, which include the EW fields and additional new gauge interactions:
This induces the covariant derivative on U:
or, in terms of vector fields, V =
, and axial vector fields,
The low-energy theory is specified in terms of U, V µ and V 5 µ . The axial vector fields eat mesons to acquire mass while the vector fields remain massless and transform in the adjoint under the diagonal SU(3) subgroup.
T -Parity and "Reconstruction"
Following the terminology of Cheng and Low [10, 11] we can introduce the concept of "T -parity", under which the fields transform as V → +V ,
This symmetry is independent of "space-parity", under which (
. Both T -parity and space-parity are symmetries of the "ordinary" chiral Lagrangian of QCD,
where the ellipsis denotes other invariant combinations of U and D µ . It is not possible to write a manifestly local (i.e., four-dimensional), and globally chiral-invariant term that breaks T -parity, and thus the symmetry would appear to be exact [27] . T -parity is, however, not a good symmetry of QCD. For example, π 0 → γγ is an allowed process, and we also have that the φ meson (the V 8 in our notation) decays both to KK and to πππ. There is no assignment of a conserved T -parity that is consistent with these facts. The resolution is that we must incorporate the WZW term into the effective action.
The WZW term is four-dimensional and globally chiral invariant, although not manifestly so. For general gauge fields, it is not gauge invariant, reflecting the anomaly structure of the underlying QCD theory. However, when only non-anomalous (e.g., vector) generators are gauged, it is gauge invariant, albeit again not manifestly so. The WZW term is odd under independent space-parity or T -parity reflections, and only the combination of these two parities survives as the true parity symmetry.
From the perspective of the D = 5 reconstructed theory, the WZW term is seen to arise from the Chern-Simons term which involves
Both terms break "KK-mode parity" while conserving overall D = 5 parity. Again, the low-energy effective action contains only a single overall parity symmetry.
We remark that any higher dimension theory, e.g., Randall-Sundrum models, with B 5 as a
Higgs field and with chiral fermion delocalization, will have CS term effects. Moreover, a theory with Ψ L (Ψ R ) fermions on the y = 0 (y = R) brane, requires the Chern-Simons term for anomaly cancellation. The full WZW term arises from the Chern-Simons term and the Dirac determinant when we integrate out the fermions.
Let us focus on the gauge/Higgs sector of the model, ignoring the ordinary standard model quarks and leptons, and the mechanism that gives rise to the Higgs potential. Consider gauging the SU(2) × U(1) subgroup of the vectorial SU(3), and a U(1) 5 axial subgroup of SU(3) × SU(3). We specify this by the covariant derivative of Eq.(4) and the gauge fields:
The axial vector fieldB eats the η and becomes massive, with a mass:
The Higgs field transforms as an isodoublet, with covariant derivative
The T -parity conserving couplings ofB in unitary gauge (in which it eats the η) can be inferred from the full Eq.(5).
This gauging is anomaly-free with respect to the color gauge group, but introduces
anomalies. These anomalies can be cancelled either by a spectator "lepton" sector, or by introducing a "mirror sector" with the opposite chirality, as we discuss in the following section.
The WZW action can be evaluated straightforwardly as in QCD. We use the form of Kaymakcalan, Rajeev and Schechter [14] (their Eq.(4.18)). Relevant issues for adapting this to Little Higgs theories are described in our earlier paper [5] . We work in unitary gauge for the heavy fields, whereB eats η. Through order 1/F 2 , we find:
where DH is given in Eq.(8 
where
Here A µ (Z 0 µ ) is the physical photon (Z 0 ) vector potential.
However, any action containing Eq.(9) alone, cannot be physically correct. The terms of Eq.(9) containingBW ∂W andBB∂B generate anomalies and describe the disallowed decay of a massive spin-1 field into two massless spin-1 fields in violation of gauge invariance and the Landau-Yang theorem (the ρ cannot decay to two photons!). This is a symptom of the fact that the axial λ 8 symmetry ofB is anomalous at the level of our fundamental techni-quark theory in Eq.(2). A consistent theory requires additional anomaly-cancelling structure, and this structure will modify the decay amplitudes. We will see that it is easy to represent this in a fairly general way.
Anomaly cancellation
A "lepton sector" can be constructed that cancels gauge anomalies and makes the model consistent. Consider, e.g., N c "leptons" with covariant derivative:
Here we have flipped the sign of the V 5 µ interaction for the leptons relative to the techniquarks in Eq.(4). We postulate that the leptons acquire mass via their own Higgs mechanism, with the gauge invariant Lagrangian:
and here we must introduce an "axion" field, a to preserve the axial λ 8 symmetry:
Under 8 L L and the axion andB transform as:
With the leptons and techni-quarks the theory is now anomaly free. Integrating out the leptons in a large mass limit will give a new WZW action,
The relative minus sign comes from flipping theB coupling constant sign in Eq.(12).
Note that integrating out the leptons is a convenience in that they would otherwise complicate the computation of physical processes. If the leptons were light we would still have overall anomaly cancellation, but we would have to compute open lepton processes and add them to WZW processes of the techni-quarks.
With anomaly cancellation in place we see immediately that the offending Chern-Simons terms,BW ∂W andBB∂B, cancel in the sum of WZW terms. There remain terms that involve the Higgs fields of the form ∼ H † HBW ∂W and ∼ H † HBB∂B. The scalar axion field a remains in the low-energy spectrum, and is neutral under EW SU(2) × U(1). Since we are not interested in the fate of the axion and the η, or the π pNGB's, presently we can simply set them to zero and generate the physical amplitudes of interest using the formula:
An alternative scheme that doesn't involve leptons or a fundamental axionic pseudoscalar field can be constructed by supposing the mirror fermions are themselves coupled to a strong gauge force, causing a mirror fermion condensate. Gauging both sectors in an identical manner,
again ensures that all Chern-Simons terms and gauge anomalies cancel between the two sectors. The low-energy theory becomes a two-Higgs doublet model, with the anomaly physics described by Γ W ZW (U 1 ) − Γ W ZW (U 2 ).
THE PHYSICAL T-PARITY VIOLATING WZW INTERACTION
Including the minimal anomaly cancelling spectators discussed above, and neglecting additional pNGB's, we see that the Chern-Simons terms cancel and we are left with the physical WZW term interaction of a single Little Higgs doublet withB through order 1/F 2 :
Note the pair of operators that are generated at this level of the form ǫ
. This is a generic operator structure for gauge/Higgs interactions in the WZW term for all Little Higgs theories containing a tree-level T -parity.
Since the theory is now anomaly free we can pass to unitary gauge whence the Higgs field takes the form:
with v = 246 GeV. The interaction takes the explicit form:
and A µ is the photon vector potential. Note that Eq. (21), which is written in unitary gauge for theB, W , and Z, is manifestly invariant under electromagnetic gauge transformations.
Brief Survey of Physical Processes
Physical processes described by Eq.(21) all violate T -parity (and space-parity), conserving overall parity. Some examples worthy of study for future colliders include:
These processes could in principle be used to measure N c for the UV completion theory.
They are, however, suppressed in rate by N 2 c /F 4 and would probably be best suited for a very luminous ILC, but are unlikely to be observable for large F . We have not computed the cross-sections, and suspect they are quite small since they are effectively loop-level.
An interesting possibility is thatB couples to the electron, muon, or quarks directly and can be produced in the s-channel. Then we have interesting processes such as:
Processes such as e + e − →B * → ZZ could interfere against normal EW physics, such as e + e − → ZZ producing an interference term that scales as N c /F 2 with a chance at observability in detailed angular correlation studies at an ILC, CLIC or muon collider.
Polarization may be a useful attribute to study in such processes.
Finally, as we have emphasized, even ifB has no direct coupling to light fermions, it will necessarily decay through the T -parity violating processes:
As an explicit application, we compute the partial width:
to leading order in sin θ W . Here we have used the relation mB =gF to simplify the result.
We have ignored the π and axion-η relic pNGB's which remain in the physical spectrum.
These will also have associated anomalous interactions, such as π
V is a vector boson. In extensions of this minimal model, we could gauge, e.g., two copies of SU(2), such that π would be eaten by a heavyW gauge boson. Note that the pNGB's correspond to axial generators and are always odd under T parity, while B and W correspond to vector generators and are therefore even. ThatB andW have a definite transformation (odd) under T parity relies on a further assumption of equality between coupling constants,
POPULAR LITTLE HIGGS MODELS
We presently survey a number of models in the literature for which an apparent T -parity can be defined. Most of these models are incomplete, and additional anomaly-cancelling structure is necessary for consistency.
The gauge structure of such a model must be sufficiently rich to leave an unbroken SU(2)× U(1) symmetry to be identified with the EW interactions. A model that incorporates oneloop cancellation of radiative corrections to the Higgs mass [3] also necessarily gauges broken U(1) (and SU (2)) generators. The same phenomenon occurs in more general composite models designed to break EW symmetry by vacuum misalignment [2] . Since the strong dynamics prefers a vacuum orientation that preserves EW symmetry, the misalignment can be achieved only if a broken U(1) generator is gauged with sufficient strength. These broken U(1) symmetries are, in general, anomalous, and entail the existence of an additional sector for anomaly cancellation.
The symmetry-breaking pattern SU(n f ) × SU(n f ) → SU(n f ) is expected for a condensate of 2n f Weyl fermions, with n f of these in the fundamental representation of a strong color group SU(N c ), and n f in the anti-fundamental. n f = 3 is the smallest value for which the "Little-Higgs cancellation" of one-loop mass corrections can be implemented.
The existence of the WZW term can be traced to the nontrivial homotopy group for
. The conclusions drawn from the SU(3) × SU(3) → SU(3) model apply more generally. We mention here some specific examples.
SU (5)/SO(5)
The symmetry breaking pattern SU(n f ) → SO(n f ) is expected for a condensate of n f
Weyl fermions in a real representation of a strong color group. n f = 5 is the smallest value for which the Little-Higgs cancellation can be implemented. We note that π 5 (SU(N)/O(N)) = Z (for n ≥ 3). This theory is described by a chiral field Σ transforming as
where R(t a ) = ±t a for the unbroken and broken generators, respectively. [28] The WZW term for this model was derived in [5] and is similar to (9) . Again, the action is unacceptable in isolation and requires an anomaly cancelling sector. This will again cancel the purẽ BW ∂W andBB∂B terms, leaving allowedBH † HW ∂W andBH † HB∂B terms [5] . The same general arguments apply here as in the previous case: T -parity is violated, the model is incomplete without an anomaly cancelling sector, andB is unstable.
Note that π 3 (SU(5)/SO(5)) = Z 2 , and the theory must contain a skyrmion. The skyrmion reflects "baryons" at the scale Λ, and dictates the need for the WZW term to generate the corresponding Goldstone-Wilczek current.
The symmetry breaking pattern SU(n f ) → Sp(n f ), for n f even, is expected for a condensate of fermions in a pseudo-real representation of a strong color group. n f = 6 is the smallest value for which the Little-Higgs cancellation can be implemented [19] . Again we note that π 5 (SU(n)/Sp(n)) = Z (for n ≥ 4). The low energy theory is a two-Higgs doublet model. We do not pursue further details here, but note again that a T -parity can be defined to act such that unbroken and broken generators are even and odd under T -parity.
The WZW term is odd under T -parity, and mediates transitions between T -even and T -odd states.
[29]
It is interesting that, while the WZW term exists here, there is evidently no skyrmion, since π 3 (SU(6)/Sp(6)) = 0. A similar situation arises in the Kaplan-Schmaltz models [5] where we cannot construct a Goldstone-Wilczek current.
[SU (3)/SU (2) explicit T -parity violating interactions for this case were derived in Ref. [5] .
Consider the extension of (18) to a situation with four distinct condensates,
For example, the model of [18] is of this form, with ǫ L generating a full SU(3), and ǫ R generating SU(2) × U(1). The implementation of T -parity in a variant of this model via L ↔ R as proposed in [10] suffers the same fate as the models already considered. However, the interchange symmetries U 2 ↔ U 4 (or U 1 ↔ U 3 ) are potentially valid symmetries of the full action [30] . We remark that this model has skyrmion solutions as well.
DISCUSSION
Composite Higgs models may provide a plausible explanation of EW symmetry breaking.
Anomaly considerations have a crucial impact on the physics. Far from being a nuisance, the anomaly interactions of composite or Little Higgs theories provide a pathway to underlying UV physics that is accessible at the "low" energies that will be probed in the next generation of colliders. Perhaps the most dramatic effects are seen in the decays of new heavy particles that would otherwise be stable. This phenomenon is exactly analogous to the decay of π 0 → γγ which specifies N c = 3 in the QCD chiral Lagrangian.
When the NGB of interest is the kaon, considerations of conserved SU(2) W isospin symmetry (relatedly, strangeness) imply that the anomaly interactions are more difficult to observe. Single H interactions are forbidden by isospin, while two-H interactions with only massless gauge bosons are forbidden by parity. Thus nontrivial interactions start with two Higgs fields, plus either additional NGB's, or massive gauge fields. Nonetheless, such interactions can have important implications, e.g., giving rise to the T -parity violating decay mode studied in (25) .
The mechanism of collective symmetry breaking encoded in many such models leads to a doubling of certain degrees of freedom, and it is natural to consider whether a new "T" parity can be defined as an exact symmetry. We described the general mechanism by which T -parity is violated in a Little Higgs model. It may be noted that although the discussion has been framed in terms of an underlying fermion UV completion, similar considerations hold for any UV completion in which the WZW term does not vanish.
In what situation can an exact T -parity be defined? One could consider flavor symmetrybreaking patterns, such SO(n) × SO(n)/SO(n), for which the flavor symmetry representations are real, and no anomalies occur. However, we do not know of any reasonable UV theories where such a symmetry-breaking pattern arises-certainly not in a theory of Alternatively, T -parity can be defined as an exchange symmetry between sectors with identical chiral fermion content, cf. the discussion after Eq. (27) . Whether this symmetry can be maintained after adding standard model fermions, and terms generating a Higgs potential, remains to be explored.
It is important to work out the phenomenological implications of broken T -parity; in particular, missing energy signals at colliders arising from a stableB should be reconsidered [20] . Certainly predictions of a dark matter candidate based on naive T -parity need to be revised [21, 22] . Independently of whether an approximate or exact T -parity can be found, it is interesting to look for observable effects of the spectator lepton sector that is necessary to cancel the anomalies of a general Little Higgs model. Understanding the spectator sector is an important problem. The interplay of this sector with the strong interactions could in itself provide a new mechanism for causing vacuum misalignment, and EW symmetry breaking.
We emphasize that these considerations will generally apply to any models of extra dimensions where Chern-Simons terms appear (cf the second paper in the sequence of Ref. [15] ).
For example, chiral delocalization appears in Randall-Sundrum schemes such as the "composite top" models [23] . The CS term must be included and will involve gravitational as well as gauge interactions. We should also revisit the question of when the lightest KK-mode in higher dimensional models is stable in the presence of a CS term [24] .
